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Abstract. We prove that the pluricomplex Green function g and the Azukawa pseudometric A have the product property on G 1 × G 2 if G 2 is pseudoconvex. Moreover, we show that g G and A G are upper semicontinuous for any domain G ⊂ C n . Explicit examples are given.
Let G be a domain in C n . We put
where K G (a) denotes the set of all logarithmically plurisubharmonic functions u : G → [0, 1) such that there exist M , r > 0, with u(z) ≤ M z − a for all z ∈ B(a, r) ⊂ G ( denotes the Euclidean norm in C n and B(a, r) := {z ∈ C n : z − a < r}). The function g G is called the pluricomplex Green function for G. It is known that g G (a, · ) ∈ K G (a) (cf. [Jar-Pfl] , Lemma 4.2.3). Let A G denote the Azukawa pseudometric for G given by the formula A G (a, X) := lim sup λ →0 1 |λ| g G (a, a + λX), a∈ G, X ∈ C n .
Definẽ k * G (a, z) := inf{σ ∈ [0, 1) : ∃ϕ ∈ O(E,G) :
where E denotes the unit disc in C. The function tanh −1 (k 1. The upper semicontinuity. In all papers discussing the fundamental properties of g G and A G the following theorem can be found (cf. , [Jar-Pfl] ). If G is pseudoconvex, then g G and A G are upper semicontinuous. The proof of this result is based on the continuity of g G for hyperconvex domains.
One might get the impression that the assumption 'G is pseudoconvex' is somehow important. This is not so. We will show by elementary methods that g G and A G are upper semicontinuous for arbitrary domains G.
Proof. First, let us recall some known facts (cf. [Jar-Pfl], Sections 4.1, 4.2; see also [Kli 2] ).
(a) If g G is upper semicontinuous, then A G is upper semicontinuous. (b) If G is bounded, then for any ball B(a, r) ⊂ G and for any ε > 0 there exists δ ∈ (0,r) such that
By virtue of (a) and (c), we can restrict ourselves to the case where G is bounded. Because of (d), it suffices to prove that g G is upper semicontinuous at any point (a, b) ∈ G × G with a = b. Fix r > 0 such that b / ∈B(a, r) ⊂ G. Suppose that g G (a, b) < α < β and let ε > 0 be such that α < β 1+ε . Take δ ∈ (0,r) as in (b) . Since the function g G is upper semicontinuous (recall that
which completes the proof.
Remarks. 2. The product property. Let G j ⊂ C nj , j = 1, 2, be arbitrary domains. We say that g, respectively A, has the product property on
respectively,
It is known that (2) is a consequence of (1) (cf. [Jar-Pfl], Remark 9.4 (a)). Moreover, the product properties hold if G j , j = 1, 2, are pseudoconvex ; the proof is based on the boundary behavior of g G for hyperconvex domains, the MongeAmpère equation, and the domination principle (cf. [Jar-Pfl], Theorem 9.8). We would like to point out that in general there is no simple relation between g G and gG, whereG is the envelope of holomorphy of G (cp. Section 3).
In this note we will prove (Theorem 2 (a)) that the product property is also true on G 1 × G 2 if G 2 is pseudoconvex (without assuming G 1 to be pseudoconvex). The more precise formulation of our result is as follows.
(a) If G 2 is pseudoconvex, then g and A have the product properties on
To prove Theorem 2, it is sufficient to verify the following lemma.
Lemma 3. The product properties hold on G × E for arbitrary domain G ⊂ C n .
Proof that Lemma 3 ⇒ Theorem 2. For (a): We already know that it suffices to prove the product property for g.
Let (G 2,ν ) ν∈N be a sequence of bounded hyperconvex domains such that G 2,ν G 2 . Then g G2,ν g G2 and g G1×G2,ν g G1×G2 , and therefore, we assume that G 2 is bounded hyperconvex. By virtue of Lemma 3 we only have to show that
In particular, for each z ∈ G 1 , the function g G1×E (a, 0), (z, · ) is continuous on E. Consequently, inequality (3) follows from:
Observe that for fixed (w, λ) ∈ G 1 × E both sides of (4) are plurisubharmonic on G 1 . Thus, it is enough to show that there exists a subset S ⊂ G 1 of zero Lebesgue measure such that
where H := {ζ ∈ C : Reζ < 0} and E * := E \ {0}. Note that:
• ϕ is a continuous plurisubharmonic function with {w ∈ G 2 : ϕ(w) < t} G 2 for negative t, and (dd
To get (5) it suffices to prove that
By [Dem] , Corollary 6.6 (b), for each z ∈ G 1 , the function u(z, · ) is continuous on H. Hence, inequality (6) is equivalent to:
Let M > 0, r ∈ (0, 1) be such that
and, consequently,
We claim that the function u is upper semicontinuous on
whenever Re ζ 0 < Re ζ < 0.
Then continuity of u(z 0 , · ) gives the required result.
By Theorem 6.11 in [Dem] the function u is weakly plurisubharmonic on G 1 × H, i.e., there exists a plurisubharmonic functionũ on G 1 × H such that u = u a.e. on G 1 × H. Since u is upper semicontinuous,ũ ≤ u on G 1 × H.
Observe thatũ(z, ζ) =ũ(z,Re ζ), (z, ζ) ∈ G 1 × H. For fix ζ 0 ∈ H. Then the two plurisubharmonic functions (z, ζ) →ũ(z, ζ 0 + ζ) and (z, ζ) →ũ(z,Re ζ 0 + ζ) coincide a.a. on G 1 × {ζ ∈ C : Re(ζ + ζ 0 ) < 0}. Therefore, they coincide everywhere.
Defineũ 1 (z, λ) :=ũ(z,log λ), (z, λ) ∈ G 1 × E * . It is clear thatũ 1 is welldefined, plurisubharmonic, andũ 1 < 0. We extendũ 1 plurisubharmonically on the whole G 1 × E setting,
In particular, by (8) we havẽ
Since both sides are plurisubharmonic on G 1 × E, the inequality above holds for all z ∈ B(a, r) and |λ| < r/R. Thusũ 0 ∈ K G1×E (a, 0) and therefore,ũ 0 ≤ g G1×E (a, 0), · . Sinceũ 0 = u 0 a.e. on G 1 × E * , we end up with (7), so the proof of (a) is complete.
For part (b): Fix a, z ∈ G 1 . Choose a sequence of holomorphic mappings
. Using contractibility and Lemma 3 gives
Recall that the remaining inequality is always satisfied. The proof of (c) is analogous.
Lemma 3 is a consequence of the following lemma.
Lemma 4. Let G ⊂ C n be a bounded domain. Then, for a, z ∈ G, λ ∈ E such that g G (a, z) = |λ| we have:
Proof that Lemma 4 ⇒ Lemma 3. It suffices to consider only the case where G is bounded and to show that for arbitrary a, z 0 ∈ G with a = z 0 we have
If |λ| ≤ g G (a, z 0 ), then (10) follows from (9) and the maximum principle for subharmonic functions. If g G (a, z 0 ) < |λ| < 1, then (10) is a consequence of (9) and the maximum principle applied to the subharmonic function λ → log g G×E (a, 0), (z 0 ,λ) − log |λ|.
Finally, Lemma 4 follows directly from the fact (Lemma 5) that the function
Lemma 5. Let G ⊂ C n be a domain and let a ∈ G. Then the function u given by the formula
is of the class K G (a).
Proof.
Step 1. For any point z ∈ G the subharmonic function g G×E (a, 0), (z, · ) is invariant under rotations, i.e.,
Hence, the function
is increasing and continuous (cf. [Kli 2]).
Step 2. The monotonicity from
Step 1 (together with the fact that the functions g G×E (a, 0), ( · , · ) and g G (a, · ) are upper semicontinuous) implies that u is upper semicontinuous on G. Moreover, since g G×E (a, 0), ( · , · ) ∈ K G×E (a, 0) and g G (a, · ) ∈ K G (a), we see that there exist M , r > 0 with u(z) ≤ M z − a for all z ∈ B(a, r) ⊂ G.
It remains to prove that u is logarithmically plurisubharmonic.
Step 3. Fix z 0 ∈ G and B(z 0 ,r) G. Choose a sequence h ν ∞ ν=1 of negative continuous plurisubharmonic functions on
In view of
Step 1, we get that v ν log u on B(z 0 ,r). Thus, it remains to show that all the functions v ν are plurisubharmonic near z 0 .
Fix ν. Applying the theorem of Bremermann (cf. [Sib] ), we find sequences f j Case 1.
• Q ∩ {(t, t) : t ∈ [0, 1]} = Ø. Then, g G (0, 0), (z 1 ,z 2 ) = max{|z 1 |, |z 2 |}.
Case 2.
• Q ∩ {(t, t) : t ∈ [0, 1]} = Ø. Then, g G (0, 0), (z 1 ,z 2 ) = max |z 1 |, |z 2 |, e log(b2/a1) log(a2/b1) |z 1 | log(a2/b1) |z 2 | log(b2/a1) 1/ log(a2b2/a1b1)
if |z 1 | < a 1 or |z 2 | < b 1 ; g G (0, 0), (z 1 ,z 2 ) = max |z 1 |, |z 2 |, |z 1 | log b2 log(b1/a2) |z 2 | log a2 log(a1/b2) 1/(log a1 log b1−log a2 log b2)
if |z 1 | > a 2 or |z 2 | > b 2 .
For a 1 = 0 (resp. b 1 = 0), the formulas should be understood as limits.
The proof of the formulas above is based on the Schwarz Lemma and the Hadamard Three Circles Theorem for subharmonic functions.
